In this note a combinatorial correspondence is used to prove that the number of positive definite, tridiagonal, integral matrices of determinant 1 whose sub and super diagonals consist solely of ones is C" = (2"")/(n + 1). The correspondence is then further used to count such matrices by trace and also by number of ones on the main diagonal. Other related correspondences and results are given including those for determinant equal to 2, 3,4 and 5.
1. Introduction. In this paper we discuss n X n matrices which satisfy all the following properties. They are (a) positive definite, (b) tridiagonal, (c) the sub and super diagonals consist only of ones, (d) all entries are integers, (e) the determinant is 1. We call such matrices suitable and the set of all such matrices S". In [7] , Leighton and Newman prove the intriguing result that the number of suitable matrices is Cn = (2")/(n + 1), the «th Catalan number. They also include several interesting conjectures. The key to their proof is to go over to a set of integer sequences. We start by summarizing some of the results in [7] .
(A) For matrices satisfying (b) and (c), (3) \ax,a2,...,ak\= ak\ax, a2,... ,ak^x\ -\ax, a2,... ,ak_2\
(B) ( For suitable matrices the following hold.
(C) If A G S" then for some k,
ak=\.
(D)
(at,a2,...,an) G S" *>(a,, a2,...,ak + 1,1, ak+1 + l,...,a") G Sn+X «*(l,a, + \,a2,...,an) G S"+1 *»(ax,a2,...,a"_x,a" + 1,1) G Sn+1.
The result (D) follows from:
(E) Let A = (ax,a2,...,an) satisfy (b) and (e) with ak = 1. Then A is integrally congruent to [1] © (ax, a2,.. .,ak_x -1, ak + x -\,...,an).
Repeated application of (E) leads to: (F) Every A G Sn is integrally congruent to the identity. We can now build up Sn inductively by means of (D): (6) (Sx) inserting a 1 at the end of (2,3,1,2) yields (2, .",1,3,1).
In §2 these results will be used to establish a one-to-one correspondence with triangulations of an «-gon. This leads to an interesting correspondence with binary trees.
In §3 we prove the conjectures. In §4 we discuss suitable matrices with the restriction on the determinant removed. This involves the matrix tree theorem and the counting of spanning trees.
2. The combinatorial correspondence. In 1758/9 Euler proved, by a clever inductive argument, that the number of triangulations of a regular (n + 2)-gon, by nonintersecting diagonals, is Cn -(2")/(n + 1). For n = 3 we get the following graphs where we have distinguished the bottom edge and included the degrees of the other vertices:
Listing the degree sequences we obtain (11) (2,3,3) (3,3,2) (4,2,3) (3,2,4) (2,4,2). Now subtracting one from each entry we have
which is S3 as in (9) . The basic idea is the same for all n. Take an (n + 2)-gon, triangulate it, distinguish the bottom edge, write down the degree sequence (clockwise) of the other n vertices, subtract one, and the result is an element of S". This indeed gives a bijection between triangulations of an (n + 2)-gon and Sn.
We can show inductively that this works for all n by noting two things. Recall (C) from [7] , every (ax, a2,.. .,an) G Sn has some ak = 1. Also every triangulation of an (n + 2)-gon has at least two vertices of degree 2 and these two cannot be adjacent for n > 2. Thus every triangulation has at least one vertex of degree 2 not incident with the distinguished edge.
Several items follow from this correspondence. Each vertex of degree 2 corresponds to an ÛJ = 1. Also in [7] , a break point is defined as the unique k such that (a,, a2,...,ak_x) G Sk_x and (ak+x,...,a") G Sn_k. This break point corresponds to the vertex opposite the distinguished edge in the triangle that includes this edge. For instance * corresponds to the break point in:
(13)
Having one of the standard Catalan settings we can easily find many, many more. See [4] for an extensive bibliography, and [3 and 10] for good exposition. We want an interpretation via binary trees and will use only an example to illustrate this correspondence:
The degrees of the vertices represent the distance between successive end points (as a worm crawls around a tree [3] ).
Another well-known setting for the Catalan numbers is parenthesizations of a product of length n + 1. Again we will give one illustration: We start with the ballot numbers B, l\k The equation d = dx + d2 with dx 3= 2, d2> 2 has d -3 = d* + 1 integral solutions. The appropriate generating function is
n -\ This finishes the proof of (A).
The proof of (D) follows from similar reasoning. We omit the proof, mentioning only that the appropriate generating function is xC(x2).
4. Determinants greater than one. We now examine matrices which are suitable except that the determinant condition (e) is removed. The results are less complete but one interesting combinatorial construction comes in. We start with the illustration (5,1,2,4,4). We start as before by removing ones: Now applying the matrix tree theorem [8] we find that the graph has 29 spanning trees. In general, (ax, a2,...,an) with a¡ > 2 is the number of spanning trees of the graph with vertex set (vx, v2,... ,vn, * ) and with (1) single edges between t>, and vi+,, i = 1,2,... ,n -1, (2) other edges, usually multiple, between vi and * so that deg(u,) = a¡. The general procedure follows the example. We start with (ax, a2,...,an) then first remove all ones until a (bx, b2,...,bm) results, with b¡>2 for all i. Then evaluate \bx,b2,...,bm\or equivalently draw the equivalent graph and count spanning trees.
How many otherwise suitable matrices have determinant 3? 
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The following are the only possible such graphs with three spanning trees: 2_2 3 Vf)
If we were now to add ones starting with the sequence (2,2) we could add to the left, between the twos, or to the right. This gives x2(C(x))3 where the x2 accounts for the start at n = 2. The sequence (3) leads to the generating function xC(x)2 and the total generating function is xC(x)2 + x2C(x)3. This corresponds to adding the second and third columns of the B¡ k 2« + 2 -2 I n + \ I 2« + 2 -3 I n + \ I n + 1 \ n j An -2 '
A tabulation for small determinants goes as in Table A . It is not clear how to find the number of possible graphs for arbitrary n. It is an interesting question, as is finding a unified setting for the spanning trees of this section and the binary trees of §2.
